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Exercise 1. We trivially have

(60, o) =1 = " (0)] = |¢"(0)],

so the definition is satisfied with C' =1 and m = 1. We can also easily show that J; is a distribution of

order 1, and it is easy to check that supp(dj) = {0}.

Exercise 2. By definition, we have T,, — T € 2'(Q) if and only if for all ¢ € 2(f2), we have

n—oo

Tu(p) —> T(p).

n—oo

In particular, if ¥ = D%p, then ¢ € 2(£2), which implies that

DTy (p) = (=D)IT (DY) = (1) T, (¢) — (~1)!*IT(y) = (=1)*IT(D*¢) = D*T(p)

n—oo

by definition de DT

Exercise 3. For all ¢ € 2(R), we have

as ¢ € CY(R). Therefore, we have

Tn — 50

n—oo

dans Z'(R).
We have

p(z) = ¢(0) + ¢’ (0)z + O(a?).

Therefore, we get

which shows that

and finally, we have
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Exercise 4. 1. For all ¢ € Z(R), we have

(€65, ) = (05, €"p(x)) = % (€p(2))|4—0 = $(0) +2¢'(0) + ¢"(0)

= (60 — 205 + 5 (¢),
which shows that
"5l = 5o — 26, + L.

2. We have
0

<mm@=—mww»=—/

— 00

log(—bx)¢' (x)dx — /000 log(a )y’ (z)dx

=—AmuwwM—/ mwwmm—AI%wwww

— 00

:—Amuwwm—m@WWWMA%@WMW

a

= - [ toglal¢' () +10g (5) 0(0). (2)
For all € > 0, we have
[ eslatgoae == [ Eir [oglelote)] "+ [loglaieto)]
== [ i sog(e) o) - (o)
R\[—e,¢]

As
lim elog(e) = 0,
e—0

and using (1)

p(—e) = p(e) = —2¢'(0)e + O(e?),

we get

which shows that

/log |z|¢’ (z)dr = lim log |z|¢' (z)dx
R e0JR\[~e.e]
: p(x)
= lim —/ ——dz + log(e —e) — (e
€%< = (£) (el )wUO

__ <v.p.i, <p> . 3)

Finally, using (2) and (3), we deduce that for all ¢ € Z(R), we have

a

(fapsr#) = <V~p-i, s0> + log (b) ©(0).

In other words, we have established that

£l = v.pé + log (%) 8o.
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Exercise 5. Let ¢ € Z(R) and R > 0 be such that ¢(x) = 0 for all |x| > R. Then, we have

e = [ (p(x)dij/R @) g

-R T + X
_ [T (@) — 9(0) " o(z) — 9(0) o 0(0) 7 o(0)
—[R - da?—i—/ez - dm+[R xdm—i—/&t xdx
_ [T pl@) — 9(0) B o(z) —p(0) R R
— /43 . dx + /E:; . ©(0) log (&7) + ¢(0) log (df)
[T e(x) — ¢(0) Fo) —p0) . (ef
=/ . dzr + /ei o log (€n> »(0)

R

= . Mdm —log(a)p(0)

1
=\V-P.-—-— ].Og(a)(S[), ‘P> ’
T
which shows that

1
lim T, = vip log(a)do dans 2’ (R).

n— oo

Exercise 6. Using the formula of jumps, as g is continuous in 0 and C*! in R*, we deduce that [g]’ =
[¢'] = [H], where H is the Heaviside function. And we have already showed in class that H' = §y, which
completes the proof. We can also compute directly :

wm@=wm¢»:AmeWMx:—Aw¢wwx=wm.

Exercise 7. We first check that Alog = 0 in R?\ {0}. Using polar coordinates, this is easy since

1 1
A:a,%ﬁar—ﬁag.

Therefore we have
1
O;logla| = O, log(r) = —
1
ORlogla] = ——.
which shows that

1 1 1 1/1
Aloglz| = (02 + =0, — =07 |logr=——+~-(~) +0=0.
r r2 r2 e \r

Integrating by parts, we get

/ log |z|Ap(z)dx = / o(z)Alog |z| dx + / (log |z| B, — Oy (log |z|)p) dl
R2\B.(0) R2 d(R2\B:(0))

= / ((0rlogr)p —logr(0,p)) dl.
0B(0,e)
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Beware of the sign change! The function ¢ is smooth, and since it is bounded in 0, we also have

/ logr 0, dl
OB(0,¢)

On the other hand, as x — 0, we have

< =
< [Vl g2y llog ()] /8 sy 0= 27 108 Vel ey 30

p(x) = ¢(0) + O(e),

which shows that

/ (Orlogr)pdl = / #(@) dl = 2mp(0) + O(e) — 2mp(0).
9B(0,¢) 9B(0e) € €0

Finally, we get

1 1.
(AG.¢) = (6.8¢) = 5= [ loglelAg(e)ds = o lim [ loglalp(a) = 9(0)
T JRr2 27 e—0 R2\B.(0)

which shows by definition that

AG =6, dans Z'(R?).



